Equity portfolio construction consists of two stages: generating beliefs about the future performance of available stocks and allocating wealth across the stocks to maximize the expected return subject to a specified risk tolerance. Two streams of prior research have addressed each portfolio construction stage independently. Fundamental analysis aids in the first stage by identifying accounting ratios that predict future stock returns, but provides little insight with respect to creating portfolios. Portfolio optimization aids in the second stage by determining weights to place on stocks to build a portfolio that maximizes expected returns subject to a specified risk tolerance, but there is little empirical evidence suggesting that it is helpful to investors. We use a fundamentals-based returns model in conjunction with classic mean-variance portfolio optimization and find that portfolio optimization combined with fundamental analysis offers substantial improvements in portfolio performance over either fundamental analysis or portfolio optimization alone. Long-only meanvariance optimized fundamental portfolios produce CAPM alphas of over 3.2% per quarter and 5-factor alphas of over 2.2% per quarter, with high Sharpe and Information ratios. The relative gains to investors from combining fundamental analysis with portfolio optimization are even more pronounced when small capitalization firms are eliminated from the investment set.
INTRODUCTION
[T]here are still many "miles to go" before the gains promised by optimal portfolio choice can actually be realized out of sample.
DeMiguel, Garlappi, and Uppal (2009, 1915) The equity investor's fundamental problem is to build a stock portfolio that maximizes its expected return subject to some constraint (e.g., risk tolerance). In his seminal paper, Markowitz (1952) argues that the process of constructing a portfolio consists of two stages.
The first stage involves generating beliefs about the future performance of available stocks.
The second stage uses the beliefs about future stock performance to allocate wealth across the stocks in order to maximize the expected return of the portfolio subject to the given constraints. Two independent streams of prior research, fundamental analysis and portfolio optimization, address the two stages of the investor's problem independently.
In this study, we connect both stages in one analysis and provide large sample evidence of substantial gains to investors of doing so.
Fundamental analysis focuses on the first stage of the investor's problem, belief generation, by using fundamentals (e.g., book-to-market and return on equity) to help predict the ranking of future stock returns. Fundamental analysis and the ability of financial ratios to predict the cross-sectional ranking of future returns can be dated at least as far back as Benjamin and Dodd (1934) . The fundamental ratios identified as useful for predicting the ranking of future returns have also become prominent in empirical asset pricing (e.g., Fama and French 1992 , 1993 , 2015 . While there remains considerable debate as to why fundamental signals are able to predict the ranking of future stock returns, a large body of evidence documents that the predictability exists over multiple time periods and across countries, suggesting that the predictability is unlikely to be due to random chance (e.g., Basu, 1977; Abarbanell and Bushee, 1998; Sloan, 1996; Bradshaw et al., 2006; Novy-Marx, 2013; and Asness et al., 2017) . However, fundamental analysis provides limited usefulness for building portfolios because it is not clear how a risk-averse investor might use this information to construct portfolios that simultaneously consider both risk and reward. The research on fundamental analysis generally ranks the available stocks based on fundamentals and then equal or value weights groups of stocks to create a portfolio. This is of limited usefulness for risk-averse investors because it does not allocate weights according to risk preferences.
Portfolio optimization focuses on the second stage, wealth allocation, by providing economically intuitive and mathematically rigorous rules for constructing portfolios of risky assets to maximize returns subject to a specified risk tolerance. However, despite the theoretical appeal, there is little evidence that even classic mean-variance portfolio optimization, proposed by Markowitz (1952) , is useful in practice. Prior research finds that the allocation weights generated from portfolio optimization are unstable and lead to poor portfolio performance. A common explanation for this poor performance is that stock return moments, particularly the mean, are notoriously difficult to estimate (DeMiguel et al., 2009; Jagannathan and Ma, 2003; Merton, 1980; Michaud, 1989) .
There have been two proposed solutions to this problem. The first is to completely disregard expected return estimates and to rely exclusively on variance estimates within mean-variance optimization, resulting in so called "minimum variance portfolios." Minimum variance portfolios have been shown to generate higher Sharpe ratios than optimized portfolios that incorporate historical returns as expected returns and non-optimized (i.e., equal or value weighted) portfolios that ignore expected returns (Engle et al., 2017; Jorion, 1985 Jorion, , 1986 Jorion, , 1991 . The second proposed solution is to use alternative estimation techniques that do not incorporate estimated moments or the use of mean-variance portfolio optimization. Brandt et al. (2009) propose a novel methodology that combines a power utility function with firm characteristics (i.e., firm size, book-to-market, and momentum) and solves for portfolio weights via non-linear estimation. Hand and Green (2011) extend Brandt et al. (2009) by incorporating accounting-based characteristics (i.e., accruals, change in earnings, and asset growth) and show that accounting-based fundamental signals enhance portfolio performance over price-based signals.
In this study, we propose an alternative solution which leverages recent innovations in fundamental analysis research to estimate expected returns directly to form meanvariance optimized portfolios. Specifically, research on fundamental analysis has progressed beyond using fundamentals to rank stocks, and has instead quantified the relation between fundamentals and stock returns by using accounting-based valuation models to directly infer expected returns (e.g., Gebhardt et al., 2001; Gode and Mohanram, 2003; Frankel and Lee, 1998) . Recent research also shows that fundamentals can be used to generate unbiased time-varying estimates of expected returns for the cross-section of stocks in the U.S. (Lyle et al., 2013; Lyle and Wang, 2015) and worldwide (Chattopadhyay et al., 2018) . This ability to estimate fundamentals-based expected returns, when coupled with innovations in multivariate variance estimation (e.g., Engle et al. 2017; Ledoit and Wolf 2017) , provides the two key inputs required for mean-variance optimization. Therefore, this approach does not disregard expected returns in mean-variance optimization, but rather exploits the insights from fundamental analysis research to improve estimates of expected returns.
We first examine the performance of fundamental portfolios without optimization.
Specifically, we use quantifiable inputs of return moments which are constructed by estimating a parsimonious fundamentals-based model that includes book-to-market, return on equity, and two additional variables that capture growth in book value: growth in net operating assets (Sloan, 1996; Fairfield et al., 2003; Cooper et al., 2008) and growth in financing (Bradshaw et al., 2006; Cooper et al., 2008) . We use this fundamentals-based model and examine the performance of an equal weighted (hereafter, EW) portfolio and a value weighted (hereafter, VW) portfolio of the top decile of stocks based on expected future returns from the model. These portfolios represent our fundamental portfolios without optimization.
We also examine the performance of optimized portfolios that do not incorporate fundamentals-based expected returns. We examine the performance of minimum-variance portfolios that do not incorporate expected returns (hereafter, MV), portfolios that incorporate historical average-based expected returns and either mean-variance optimization with a target expected return (hereafter, MVT) or maximization of the Sharpe ratio (hereafter, MS). We also examine the performance of Brandt et al. (2009) portfolio optimization (hereafter, BSV) using the price-based characteristics in Brandt et al. (2009) , the accounting-based characteristics in Hand and Green (2011) , or historical averagebased expected returns as the characteristic. These portfolios represent our optimized portfolios without incorporating fundamentals-based expected returns.
Finally, we examine the performance of portfolios which are optimized where the return predictions from the fundamentals-based model are used directly as inputs into the portfolio optimizer. We use the fundamentals-based model of expected returns with MVT optimization, MS optimization, and BSV optimization. These portfolios represent our optimized fundamental portfolios.
We compare the performance of the fundamental portfolios without optimization, optimized portfolios without fundamentals-based expected returns, and optimized fundamental portfolios. We examine "long-only" portfolios because taking short positions is often not feasible and even when feasible, implementation costs are often very high (e.g., Beneish et al., 2015) .
We find that combining fundamental analysis with portfolio optimization results in complementary gains to both. Despite the evidence in prior studies of limited to no gains from employing standard portfolio optimization techniques, we find that portfolio optimization can provide large gains to investors, but only when used with a fundamentalsbased model to estimate expected returns. Combining fundamental analysis with meanvariance portfolio optimization yields higher out-of-sample Sharpe ratios, Information ratios, factor alphas, and average mean-variance utilities, over strategies of employing fundamental analysis or portfolio optimization alone.
Long-only fundamental portfolios using mean-variance optimization (MVT and MS) results in substantial portfolio performance improvements over non-optimized fundamen-tal portfolios, whereas BSV optimization yields no improvement. MS optimization yield quarterly Sharpe and Information ratios of 0.473 and 0.522, respectively, which represent 11 (89) and 16 (427) percentage increases over the respective ratios of the non-optimized EW (VW) fundamental portfolios. The fundamental portfolios using MS optimization produce CAPM alphas of over 3.2% and 5-factor alphas of over 2.3% per quarter over our sample period, and are generally higher in magnitude and statistical significance than EW benchmark portfolios. We also estimate the risk aversion coefficient that would be required by a mean-variance investor to be indifferent to optimized fundamental portfolios relative to EW fundamental portfolios. Our estimates tend to range from zero to one, indicating that virtually any risk-averse investor would be better off with optimized fundamental portfolios.
The relative increase in these key performance metrics for the optimized versus nonoptimized fundamental portfolios is even more pronounced when we eliminate small stocks from our sample, which, when considering that we form long-only portfolios, indicates our results are not driven by investing in illiquid stocks or from taking short positions.
We also find that the gains to the optimized versus non-optimized fundamental portfolios hold over multiple time periods and tend to be increasing over time, even after well-known academic research which highlights the predictive ability of financial ratios was published.
Collectively, these results suggest that portfolio optimization dramatically improves the performance of the fundamentals-based investment strategies.
We also find substantial gains from combining fundamentals with portfolio optimization over portfolio optimization alone. Consistent with prior research, we find that MVT, MS, and BSV optimized portfolios using historical average stock returns to estimate expected returns all yield low Sharpe ratios, negative Information ratios, and zero or negative alphas. Thus, our results suggest that, unlike fundamentals-based investment strategies, portfolio optimization on its own yields essentially no gains when using historical returns to estimate expected returns, the common approach employed in prior studies.
1 While the MV portfolios, which ignore expected returns, yield higher Sharpe and Information ratios than the portfolios optimized using historical average returns to estimate expected returns, the fundamental portfolios using MS optimization outperform the MV portfolios. These results suggest that portfolio optimization combined with fundamental analysis offers substantial benefits to investors in terms of portfolio performance over fundamentals-based strategies alone and over portfolio optimization alone.
This study provides important contributions to both practice and the research on fundamental analysis and portfolio optimization. Fundamental analysis is aimed at identifying stocks that are likely to experience higher future returns but provides little insight with respect to creating portfolios. Our study provides an implementable method of developing portfolios that improve the performance of fundamental analysis. Similarly, portfolio optimization provides theoretical arguments for optimizing portfolios, but there is little empirical evidence to date suggesting that it results in superior portfolio performance. Our findings suggest that portfolio optimization, when combined with fundamental analysis, can help investors realize "the gains promised by optimal portfolio choice" and highlight that combining the findings from seemingly independent fields of research can help to achieve these gains.
Fundamental Analysis and Portfolio Optimization
The basic idea behind fundamental analysis is to estimate an "intrinsic value" which can then be compared to market valuations to cross-sectionally rank stocks based on expected future stock returns. Almost all fundamental analysis starts with a form of the residual income formula, which allows valuations to be expressed in terms of accounting variables. While the residual income formula is identical to the dividend discount formula, the formulation offers insight into the determinants of valuations: book values, expected profitability, expected growth in book values, and discount rates. A large literature on 1 We also examined if using factor models to estimate expected returns improved the performance relative to a simple historical average. We found that using these estimates results in portfolios that also perform very poorly.
fundamental analysis has shown that current accounting variables such as profitability and growth in operating assets and financing are predictive of future profitability and growth (Sloan, 1996; Fairfield et al., 2003; Cooper et al., 2008) , which in turn implies that intrinsic values can be written as a function of these fundamental variables as well as discount rates. Fundamental analysis research demonstrates that cross-sectionally ranking firms based on these variables predicts the ranking of future stock returns.
While there is robust evidence that fundamentals are able to predict the ranking of future returns, there is considerable debate as to what drives this predictability. Some argue that the fundamental variables capture firm's differential risk characteristics and that the future stock returns reflect this differential risk (Fama and French, 1992) . Others argue that the ability of fundamental signals to predict the cross-section of future stock returns is driven by investor behavioral or cognitive biases such that investors tend to display preferences for certain stocks that may not be justified by the fundamentals (Frankel and Lee, 1998) . Biases such as investor sentiment toward certain types of stocks (e.g., glamour stocks), a recency bias, over-confidence, earnings fixation, and limited attention (e.g., Sloan, 1996; Hirshleifer et al., 2009 ) have been offered as drivers of the predictability of stock returns. Regardless of the underlying mechanism, the ability of fundamentals to predict the cross-sectional ranking of firm's future stock returns is strongly supported in empirical data and has been shown to be robust across time periods and countries.
While prior research shows that fundamentals can be used to predict the ranking of future stock future returns, it provides little insight into how to form optimal portfolios based on the analysis. The standard approach in the academic literature is to form either equal or value weighted portfolios from groups of stocks ranked by the financial ratio of interest and determine if there exists differences across portfolio returns. While informative in academic settings, this approach imposes significant challenges for an investor because it is not clear how investor risk tolerance can be accommodated in forming portfolios and allocating wealth among stocks.
The proposed solution in financial economics is to use a mathematical program to determine weights that generate an optimal portfolio, simultaneously incorporating investor beliefs about future stock returns as well as risk tolerance. Portfolio optimization provides economically intuitive and mathematically rigorous rules for constructing portfolios of risky assets to maximize returns subject to a specified risk tolerance. However, there is little evidence that even classic mean-variance portfolio optimization (Markowitz, 1952 ) is useful in practice. Prior research finds that the allocation weights generated from portfolio optimization are unstable and lead to poor portfolio performance. A common explanation for this poor performance is that expected returns are difficult to estimate (DeMiguel et al., 2009; Jagannathan and Ma, 2003; Merton, 1980; Michaud, 1989) , and research shows that completely disregarding expected return estimates within mean-variance optimization yields better performance than optimized portfolios that incorporate historical returns as expected returns and non-optimized (equal or value weighted) portfolios that ignore expected returns (Engle et al., 2017; Jorion, 1985 Jorion, , 1986 Jorion, , 1991 . Thus, prior research suggests that portfolio optimization may be of use to investors only when beliefs about expected returns are completely disregarded.
Given that poor quality estimates of expected returns appear to drive the poor performance of optimized portfolios and given that fundamental analysis is focused on predicting expected returns, we examine whether tying together recent innovations in fundamental analysis and portfolio optimization provides gains to investors. In what follows below we outline how fundamental analysis and optimal portfolio theory can be combined.
Fundamentals and Returns
Lyle and Wang (2015) use a log-linear approximation to show that expected firm log stock returns can be expressed as a linear combination of the book-to-market ratio, bm t , and expectations about future return on equity, E t [roe t+1 ]:
The key coefficients, α 1 and α 2 , are both predicted to be positive. Lyle and Wang (2015) implement the model by using lagged roe t as a simple proxy for E t [roe t+1 ]. We expand the Lyle and Wang (2015) implementation by incorporating insights from prior financial statement analysis research which shows that future profitability is a function of not only lagged roe t , but also variables that measure growth. We use growth in net operating assets, go t , and growth in financing, gf t , as our proxies for growth given the prior fundamental analysis research of the relation between growth and future profitability and returns (Fairfield et al., 2003; Cooper et al., 2008) and the relation between financing and future returns (Bradshaw et al., 2006; Cooper et al., 2008) . We conducted a formal model selection test using a LASSO selection algorithm to test if each of the variables included in the model are incrementally informative. The results of the LASSO selection algorithm (untabulated) confirm that including all four variables yields the most informative model. Therefore, our expected return on equity model takes the form:
Substitution of (2) into (1) gives a stock return equation of the the form:
where the expected return is given by
and t+1 represents an unpredictable noise term. The parsimonious linear structure of (3) allows for a straightforward connection to mean-variance portfolio optimization as outlined in the next section.
Portfolio Optimization and Fundamentals
Virtually any investor faces the challenge of how to allocate wealth such that the expected return on wealth is maximized given the investor's risk tolerance. In his seminal paper, Markowitz (1952) provides a mathematically elegant approach to solving the investor's problem, which can be summarized as a constrained optimization program:
Here r P,t+1 represents the future time t + 1 return on the portfolio, which consists of a combination of N assets each with the i th return, r i,t+1 , and a portfolio weight, ω i , where Conceptually, applying the program is trivial and weights can easily be generated using numerous software packages since all that is required as inputs are expected returns and a covariance matrix.
3
To tie the expected returns from fundamental analysis with portfolio optimization, we substitute the fundamental analysis equation of (3) into the portfolio optimization of equation (4). This substitution allows us to write the optimization program in terms of fundamentals:
Data and Sample Selection
Our data are from standard sources: CRSP and Compustat. Our full sample time period is from 1991-2015. We use the period 1991-1995 as an initial model estimation period and 1996-2015 as the out-of-sample test period. Focusing the out-of-sample tests on this recent time period allows us to more easily assess the gains that an investor could have generated in periods that follow the publication of several academic papers that document the predictability of stock returns based on the variables that we use in our model (e.g., Bradshaw et al., 2006; Fama and French, 1992; Sloan, 1996; Fairfield et al., 2003; Cooper et al., 2008) .
At the end of each month, prior to portfolio construction, we remove penny stocks, stocks with negative book values, and stocks that have less than three years of historical stock return data. These criteria ensure we can reasonably estimate stock return volatility and pairwise correlations. We also remove observations that have "outlier" values of the book-to-market ratio, return on equity, growth in net operating assets, or growth in financing. Given the limitations of windorization at detecting and addressing outliers (e.g., Leone et al., 2017) , we use the Minimum Covariance Determinant (MCD) algorithm to identify outliers as it represents a robust algorithm that can formally detect outliers in multivariate data (Rousseeuw and Driessen, 1999) . In addition to these filters, we also, as is common in the literature, remove financial and regulated firms from the sample since the accounting for these types of firms is systematically different from other firms. The risk-free rates and factor portfolios that are used in our empirical tests are downloaded from Ken French's data library. 
Expected Returns and Model Estimation
To generate expected returns, we must estimate equation (3). Prior research has estimated models both cross-sectionally (e.g., Chattopadhyay et al., 2018; Lewellen, 2015; Lyle et al., 2013) and by industry (e.g., Lyle and Wang, 2015) . However, cross-sectional estimation assumes that every firm in the sample has an identical slope coefficient, whereas industry definitions tend to be exceptionally noisy and can lead to worse estimates for prediction than simple cross-sectional estimation (e.g., Fairfield et al., 2009 ).
In light of this, we estimate the model monthly by using five years of rolling historical data using three forms of estimation: 1) cross-sectional, 2) by industry (using the Fama and French 48 industry classifications), and 3) by size decile. Our choice for estimating within size deciles is motivated by the fact that it represents an easy to measure characteristic, that the predictability of future returns has been shown to vary systematically with size, and that similar sized firms tend to comove (e.g., Fama and French, 1992) .
In untabulated analyses, we find expected return estimates from both industry and sizebased estimation dominated those based on cross-sectionally estimating parameters and that size-based estimation provided the highest level of significance in terms of resultant expected return measures. We chose size-based estimation of expected returns based on this analysis.
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In our estimation, we update firm fundamentals, bm t , roe t , go t , and gf t , quarterly at the end of the month in which they are reported according to Compustat to ensure that the fundamentals have been publicly disclosed. If the reporting date is missing in Compustat we assume that the information is public three months after the firm's fiscal quarter. bm t is book value of equity scaled by market value of equity from the Compustat quarterly files, roe t , go t , and gf t , are earnings before extraordinary items, the change in net operating assets, and the change in financial assets, respectively, each scaled by lagged quarterly book value. To avoid potential issues with outliers, we crosssectionally standardize each of the predictor variables using Blom's normal score method.
The coefficients {A 0 , A 1 , A 2 , A 3 , A 4 } are estimated by regressing one-month ahead stock returns on the fundamentals within each size decile. This estimation yields an expected stock return estimate for each firm i of the form:
where j denotes the jth size decile at time t for which i is a member.
We use this estimate of expected returns in our mean-variance optimizer. Since meanvariance optimization also requires estimates of a covariance matrix, we use the recently developed Ledoit and Wolf (2017) 
Implementing Portfolio Optimization
In our empirical tests, we examine four versions of portfolio optimization: 1) minumum variance (MV), 2) minimum variance with a target expected return (MVT), 3) the maximum Sharpe Ratio (MS) and 4) the approach of Brandt et al. (2009) 
(BSV).

Mean-Variance Optimization
The standard mean-variance representation described above can be equivalently written as a minimization problem, and each of the optimizations MV, MVT, and MS follow from the following quadratic program:
where MV solves the program ignoring constraint (13). MVT solves the program directly, where we setr to the expected return of a benchmark non-optimized portfolio.
MS involves solving the program for a continuum of values forr and building a meanvariance frontier. The MS portfolio that we implement in our empirical tests represents the portfolio that has the highest ex ante expected return over expected standard deviation on the frontier. In all cases, we impose the constraint that
To ensure that any one stock does not overly influence a portfolio, our main results are based on constraining each stock to have no more weight than one percent;
however, when we varied this constraint to be up to five percent in untabulated analyses, we found that our main results hold. Brandt et al. (2009) propose a method to incorporate firm-level characteristics by utilizing the following estimation approach:
BSV Optimization
whereω i,j is the firm i's market capitalization weight at time period j, N j is the number of firms in the portfolio, θ is a vector of parameters to be estimated, and x i,j a vector of firm characteristics. Portfolio weights at time t are then given by
Using our estimate of expected returns from (11) as the firm characteristic
Like Brandt et al. (2009) and Hand and Green (2011) , we set γ = 5 and estimate the parameter θ using equation (14) with 5 years of rolling historical data. As in our mean-variance optimization, we ensure the weights are non-negative and sum to one. firm size is $4.9 ($.62) billion, book-to-market is 0.60 (0.51), and quarterly return on equity is 2.34% (2.48%). The correlations in Panel B suggest that future returns are positively correlated with book-to-market, return on equity, and growth in financing, and negatively correlated with growth in net operating assets and size, consistent with prior research (e.g., Fama and French, 1992; Fairfield et al., 2003) . Table 2 presents the results of regressing future stock returns on expected return estimates, µ t . We show the results of using historical average returns, HIST, and the results of using expected returns from the fundamentals-based model, FUND. HIST uses the rolling historical monthly average stock return over the prior 36 months. FUND is calculated as in equation (11).
Empirical Results
The table reports results for predicting monthly returns in columns (1) and (2) and the results for predicting quarterly returns in columns (3) and (4). We examine a quarterly holding period because this requires less frequent re-balancing of portfolios than a monthly holding period. Results are similar across both time periods. The historical average model, HIST, does not predict returns; in fact, it has a negative relation with future stock returns. The fundamentals-based model, FUND, does predict out-of-sample stock returns, with significant positive coefficients on µ t . To assess the performance of the portfolios, we present the Sharpe Ratio, which is calculated as the sample mean portfolio return less the risk-free rate divided by the sample standard deviation of the portfolio. We also present the Information Ratio, which is calculated as the intercept of the market model divided by the of the residual from the market model. To ensure that the portfolios are not merely reproducing the returns of commonly used factor portfolios, we also report alphas from the CAPM, the Fama and French (1993) 3-factor (FF3), the Fama and French (1993) 4-factor (FF4), and the Fama and French (2015) 5-factor (FF5) benchmarks. The latter models are based on similar characteristics to those used in our fundamentals-based expected return model and are formed to explain returns of portfolio constructed from those characteristics. We also report average and excess stock returns for each portfolio.
The EW and VW portfolios of all firms in our sample, reported in columns (1) and (2), respectively, represent easy-to-implement strategies as they do not require any estimation or analysis. The EW portfolio of all stocks yields a Sharpe (Information) ratio of 0.256 (0.151) while the VW portfolio yields a Sharpe (Information) ratio of 0.214 (0.106).
The results using HIST, reported in columns (3) and (4), suggest that using historical returns as an estimate of expected returns results in, not surprisingly, very poorly performing portfolios. The Sharpe ratio of 0.110 for the EW portfolios and 0.139 for the VW portfolios are much lower than those using all available stocks and ignoring expected returns. In addition, the Information ratios for the HIST portfolios are negative.
Columns (5) and (6) report the results for FUND, and show that both the EW and VW portfolios using expected returns from the fundamentals-based model dominate the respective portfolios that do not incorporate the expected returns based on fundamentals.
The Sharpe (Information) ratios are 0.426 (0.451) for the EW portfolios and 0.250 (0.122) for the VW portfolios. We note that the superior performance of the EW portfolios over the VW portfolios is likely attributable to the VW portfolios being dominated by a few large firms. The superior performance of the fundamental portfolios is consistent with the findings in the prior literature that fundamental analysis is useful in predicting the cross-section of stock returns. We next turn to whether portfolio optimization improves portfolio performance. (2) and (3) report the results for all available stocks using HIST-based expected returns with MVT and MS portfolio optimization, respectively. Columns (4) and (5) The superior performance of MV reported in column (1) over the HIST portfolios in columns (2) through (5) replicate the findings in prior studies that portfolio optimization that does not incorporate estimates of expected returns yields superior performance over portfolios optimized using the historical average of stock returns as the expected returns.
Specifically, MV portfolios yield a Sharpe ratio of 0.290 and an Information ratio of 0.255, which are much higher than those for portfolios using HIST expected returns for the full sample with either optimization method. The MV portfolios also yield positive CAPM and Fama-French 3-factor alphas, while portfolios using HIST-based expected returns with MVT and MS optimization yield negative alphas. The portfolios of the top decile of stocks based on HIST expected returns also yield low Sharpe ratios and negative Information ratios using either MVT or MS optimization. Overall, the results show that combining portfolio optimization with historical average returns results in poor portfolio performance, with low Sharpe ratios, and generally negative Information ratios and alphas. If we compare the performance of the portfolios in columns (1) through (5) with the performance of the non-optimized EW and VW portfolios in Table 3 , the results are consistent with prior studies that portfolio optimization provides some gains to investors over an EW or VW strategy only if the mean return estimate is ignored. However, the EW fundamental portfolios yield superior performance over all the optimized portfolios, including the MV portfolios.
In Panel B, we report the performance of portfolios that incorporate price-based characteristics (PRICE) as in Brandt et al. (2009) in column (1), accounting-based characteristics (ACCT) as in Hand and Green (2011) in column (2), and historical average-based expected returns (HIST) in column (3) using BSV optimization. We find that using the PRICE and ACCT characteristics yields superior portfolio performance relative to using HIST-based expected returns as the characteristic. Consistent with Hand and Green (2011), we also find that the Sharpe (0.282) and Information (0.185) ratios for portfolios using the ACCT characteristics are higher than the Sharpe (0.277) and Information (0.184) ratios for portfolios formed using PRICE characteristics.
In addition, the portfolios formed using the ACCT and PRICE characteristics with BSV optimization outperform the portfolios reported in columns (2) through (5) in Panel A which are formed using HIST-based expected returns with mean-variance MVT or MS 6 The Sharpe and Information ratios are lower than those reported in Brandt et al. (2009) . The difference can be attributed to our later time period and differences in sample size. In untabulated analyses, we formed portfolios over the time period examined in and formed portfolios using the same methodology as Brandt et al. (2009) Table 3 , there are gains to investors over an EW or VW strategy. However, the EW fundamental portfolios yield superior performance over all the portfolios using BSV optimization. These findings suggest that portfolios optimized using MV, MVT, MS, or BSV optimization without fundamentals-based expected returns yield lower performance portfolios than non-optimized EW portfolios using fundamentals-based expected returns. Panel B provides portfolio characteristics. We present the performance metrics for nonoptimized (EW) fundamental portfolios as a benchmark for comparison. Columns (1), (2), and (3) present the performance of the optimized fundamental portfolios for the full sample of available stocks. Columns (4), (5), and (6) present the performance of the optimized fundamental portfolios after constraining the available set of stocks to those in the highest decile of stocks based on the expected returns from the fundamentals-based model. Optimizing using the entire sample allows the optimized fundamental portfolios to differ from the non-optimized (EW) fundamental portfolios both in terms of the portfolio weights and in terms of the firms included in the portfolio. Optimizing within the top decile provides insight into the extent to which the improvement in performance from optimization (over EW portfolios) is due to the portfolio weights, given that the firms included in the portfolio are held fixed.
As with Table 4 , our assessment of performance is primarily based on the Sharpe and Information ratios. We report results of statistical tests of whether the Sharpe (Information) ratio for each portfolio is significantly higher than that of the benchmark EW top decile fundamental portfolio, designated as *, **, and *** for a significantly higher ratio at the 10%, 5%, and 1% significance level, respectively.
7 We also include a third metric, λ * , which captures the level of risk aversion required for a mean-variance investor to be indifferent to the equal weighted fundamental portfolio. 8 λ * = 0 indicates that even a risk-neutral investor is better off with the portfolio of interest relative to an equal weighted portfolio, while λ = ∞ indicates that no investor of any risk aversion level is better off with the portfolio of interest relative to an equal weighted portfolio. A common risk aversion value assumed in asset pricing is λ = 10. This value is also often used in practice when performing mean-variance optimization. If we take this value as representative of the average investor, then a λ * value of less than 10 indicates that the average investor is better off with the portfolio of interest. Unlike mean-variance optimization, the BSV approach actually performs worse when the 7 Significance levels for Sharpe and Information ratios are calculated by simultaneously estimating the sample moments of each series via GMM and testing if the ratio of the optimized portfolio is larger than the EW portfolio. Significance levels are based on heteroskedasticity consistent standard errors and a Newey-West correction with three lags.
8 Specifically, a mean-variance investor has an expected utility function of the form Collectively, these results suggest that mean-variance portfolio optimization provides substantial gains to investors when combined with fundamental analysis as it is able to exploit the considerable research has been devoted to estimating the first and second movements of stock returns. BSV optimization does not match the performance of meanvariance optimization in our setting because BSV was devoted to constructing portfolios without direct estimation of return moments, and thus does not fully leverage the value provided by these estimates.
Panel B reports the characteristics of the portfolios in terms of size, bm t , roe t , go t , gf t , portfolio turnover, and the number of stocks included in the portfolio. Focusing on column (5), fundamental portfolios with MS optimization tend to consist of larger firms and have higher bm t , roe t , lower go t and higher gf t than the EW fundamental portfolios.
Portfolio turnover is modestly higher for the optimized fundamental portfolios and we note that the improved portfolio performance is achieved with a smaller number of stocks.
Excluding Small Stocks
Given the importance of stock liquidity for portfolio construction, Table 6 presents the results for a sample that excludes the smallest 20 percent of stocks at portfolio formation.
While the portfolios in previous analyses excluded penny stocks, excluding the smallest 20 percent of stocks further removes stocks for which investors are more likely to face liquidity issues and higher transactions costs. Consistent with the results in Table 5 We also that find that the fundamental portfolios with MVT and MS optimization lead to higher relative portfolio alphas after excluding small stocks. The top decile fundamental portfolios with MVT and MS optimization yield the highest CAPM, FamaFrench 3-factor alphas, and Fama-French 4-factor alphas. For example, the top decile fundamental portfolios yield a CAPM alpha of 2.78% per quarter with MVT optimization and 2.80% per quarter with MS optimization. These alpha are compared to 2.53% for EW top decile fundamental portfolios and 1.28% for the top decile fundamental portfolios with BSV optimization, and 2.25%, 2.51%, and 1.80% for the full sample fundamental portfolios with MVT, MS, and BSV optimization, respectively. These results suggest that MVT and MS portfolio optimization provide substantial gains to investors when combined with fundamental analysis even after excluding small stocks from the investment set.
In panel B, the top decile fundamental portfolios with MVT and MS optimization include smaller firms with higher book-to-market ratios and lower growth in net operating assets. The portfolios also have a smaller number of stocks than the portfolios with no optimization.
Quality of Expected Returns
A curious result that emerges in Table 5 and Table 6 is that optimizing over the entire cross-section of firms produces portfolios that perform less well than optimizing within the top decile of expected returns. This result holds for both MVT and MS optimization.
An investigation of our expected return measure provides an explanation for these patterns. Untabulated tests of expected return estimates across rankings of expected returns show that the predictive power is lowest among firms with the lowest ranked expected returns and that standard errors tend to be the highest among these firms. Specifically, the standard errors of predictability from our expected return estimates are systematically higher within the lower deciles of expected returns. When we include the entire cross-section of firms in the optimization routine, the optimizer falsely assumes that the expected return estimates are uniformly precise in the cross-section. Including firms with on average less precise estimates than those in the benchmark portfolio in the investable set results in portfolios that perform marginally worse than when we restrict the sample.
We explore this issue more in Section 4.4 and show that when we optimize within a fixed set of firms based on expected returns, the optimized portfolios within that investment set outperform an EW portfolio.
Over Time Analysis
Our analysis thus far has focused on summary performance measures over the the entire 20-year period from 1996 to 2015. In Table 7 , we report the portfolio performance metrics for overlapping 10-year periods and non-overlapping 5-year periods to provide insight into the performance of fundamental portfolios over time. Overall, the results reported in Table 7 and Figures 1 and 2 suggest that the performance of optimized top decile fundamental portfolios is relatively stable over time and that the benefits to optimized versus non-optimized fundamental portfolios are also stable over time.
Varying the Set of Investable Stocks
Our main benchmark has been an equal weighted portfolio based on the top decile of stocks ranked by our fundamentals-based model. This is a common portfolio formation strategy in academia; however, the choice of the top decile is somewhat arbitrary. To provide insight into whether focusing on the top decile, relative to other cutoffs, impacts our results, we report the results for each decile of stocks based on the expected returns from the fundamentals-based model. That is, we form an equal weighted portfolio of the stocks in each decile and an optimized fundamental portfolio of the stocks in each decile. Table 8 reports the Sharpe and Information ratios for the EW fundamental portfolios, the fundamental portfolios with maximum Sharpe ratio (MS) optimization, and the difference in the performance of the optimized and non-optimized portfolios for each decile.
The performance of the non-optimized and optimized fundamental portfolios increases in the deciles. The relative gains from optimization also increase across the deciles. Given that the standard errors of predictability from our expected return estimates are systematically higher within the lower deciles of expected returns, this result is not surprising and highlights that the gains from optimization are diminished relative to a naive EW portfolio as expected return estimates become noisier.
In the previous analyses, we limit the number of stocks to those within each decile.
To provide insight into how varying the number of stocks included in the portfolio affects the performance, we vary the number of investable stocks (N) from 30 to 300. An investable universe of N stocks consists of the top N stocks based on the expected return estimates using the fundamentals-based model. For each set of N investable stocks, we then construct a fundamental portfolio with MS optimization and an EW portfolio of the same stocks. 9 We chose 30 as our lower bound because Fisher and Lorie (1970) argue that a reasonably diversified portfolio can be constructed with 30 stocks. We arbitrarily chose 300 as our upper bound because this was roughly three times the number of stocks held in the top decile MS optimized portfolio. Figure 3 shows the impact that varying the number of investable stocks has on portfolio performance. The top figure presents the Sharpe ratio across sets of investable stocks. In all cases, the optimized fundamental portfolios dominate the EW fundamental portfolios and the gains tend to increase as the number of investable stocks increases.
The bottom figure reports the Sharpe ratio per number of stocks in the investable set and the Sharpe ratio per number of stocks invested in the portfolio. The results in Panel B of Table 5 suggest that the optimized portfolios tend to invest in a smaller number of stocks relative to the EW top decile portfolios. This implies that optimized portfolios tend to select stocks that collectively yield higher Sharpe ratios (and other performance metrics) per invested stock. The bottom graph visualizes this. Regardless of the number of investable stocks, the portfolio Sharpe ratio per stock invested is higher for optimized portfolios and ratio of the portfolio Sharpe ratio to the number of invested stocks for the optimized portfolio dominates the ratio for the EW portfolio regardless of the number of investable stocks.
Conclusion
Constructing an investment portfolio generally consists of two activities: predicting stock returns and creating an optimized portfolio of stocks based on those predictions and investors' risk tolerance. Fundamental analysis focuses on the first activity by predicting stock returns based on financial ratios, whereas portfolio optimization focuses on the second activity by mathematically determining the allocation of wealth to maximize expected returns for a specified risk tolerance. Prior research has generally considered each activity independently. Our study provides initial large sample evidence of potential gains to investors of combining fundamental analysis and portfolio optimization.
We use a fundamentals-based model of expected returns that relies on the notion that high book-to-market stocks with high expected future profitability have higher expected returns. Our fundamentals-based future return model includes book-to-market, return on equity, growth in net operating assets, and growth in financing. We find that using fundamentals to estimate expected future stock returns as in input to the portfolio optimization yields substantial gains to investors, in terms of out-of-sample Sharpe ratios, Information ratios, factor alphas, and mean-variance utilities over strategies of employing fundamental analysis or portfolio optimization alone. Long-only optimized fundamental portfolios produce CAPM alphas of over 3% per quarter and 5-factor alphas of over 2.3% per quarter, with high Sharpe and Information ratios. A mean-variance investor with a risk aversion parameter of 1 is better off combining fundamentals with portfolio optimization than investing with fundamentals alone, suggesting that virtually any risk-averse investor would be better off. Gains to investors over naive strategies are even more pronounced when small capitalization firms are eliminated from the investment space. These gains are also present in recent decades, well after well-known academic research was published which highlighted the predictive content of financial ratios.
Our findings contribute to fundamental analysis research and practice by demonstrating the gains to combining the analysis with portfolio optimization. In addition, in contrast to the prior portfolio optimization research that documents limited to no investment gains to employing standard portfolio optimization techniques, we find that portfolio optimization can provide large gains to investors, but only when used in conjunction with fundamental analysis. Figure 2 displays the Utility gains for the maximum Sharpe Ratio (MS) portfolios for the stocks in the top decile based on the expected return estimates, calculated using the fundamentals model, relative to the equally weighted (EW) portfolios of the stocks in the top decile based on expected return estimates using the fundamentals model (Top Panel) and Market (SPDR) portfolios (Bottom Panel) for different levels of investor's risk-aversion parameters (λ ∈ {5, 10, 15}) for the time period 1996-2015. Utility Gains are defined as the cumulative sum of the difference in the conditional utility of the two portfolios where the conditional utility of a portfolio at time t is calculated as the conditional mean of the portfolio less the conditional variance times half the risk-aversion parameter. The portfolio excess return (defined as portfolio raw return less the risk free rate) series is assumed to follow an AR (1) process with the variance of the error term following ARCH(1) process. Tables   Table 1: Descriptive Statistics   Table 1 presents descriptive statistics of key variables used in the analysis for the time period 1996 -2015. Panel A provides summary statistics (the time-series averages of the cross-sectional mean, median, standard deviation, and select percentiles). Panel B provides the correlation matrix where lower and upper diagonals are Spearman and Pearson correlations respectively. r t+1 is the monthly return adjusted for delistings in percent, Sizet is the month-end market capitalization in $billions, bmt is the book-to-market ratio, updated each quarter, roet is the quarterly earnings before extraordinary divided by lagged book value, got is the quarterly changed in net operating assets divided by lagged book value, gft is the change in financial assets divided by lagged book value.
(a) Table 2 presents results of regressions of future realized stock returns, on expected return proxies, µt, using two different estimation models from 1996 − 2015. In columns (1) and (3), µt is HIST, which is the rolling historical monthly average stock return (over the prior 36 months), in columns (2) and (4), µt is FUND, which is the fundamentals-based model. The slope coefficients are estimated using Fama-MacBeth regressions. t-statistics are in parentheses and significance levels of 1%, 5%, and 10% are denoted by, ***, **, and *, respectively. Quarterly return tests use a Hodrick (1992) Table 4 presents portfolio metrics for optimized portfolios without incorporating expected returns based on fundamental model. The holding period is three months (one quarter). All Stocks represents the portfolios that includes the entire sample of stocks. Top Decile represents the portfolios that includes the stocks in the top decile based on the respective Expected Return estimates. HIST represents the expected return estimates calculated using rolling historical monthly average stock return (over the prior 36 months). MV represents the minimum variance portfolio. MVT represents the minimum variance portfolio subject to the expected returns of the portfolio being greater than or equal to the respective top decile expected return proxy portfolio using mean-variance optimization. MS represents the maximum Sharpe Ratio portfolio using mean-variance optimization. BSV represents a portfolio optimized following the Brandt et al. (2009) FF5, respectively represent the Fama and French three, four, and five factor alpha's. Raw is the average realized return of the portfolio and Excess is average realized return of the portfolio less the risk free rate. Significance levels of 1%, 5%, and 10% are denoted by, ***, **, and *, respectively and are based on two-tailed standard errors with a Hodrick (1992) correction to account for overlap. Table 5 presents portfolio metrics for portfolios based on the expected return estimates calculated using the fundamentals model, FUND. The holding period is three months (one quarter). All Stocks represents the portfolios that includes the entire sample of stocks and Top Decile represents the portfolios that includes the stocks in the top decile based on the expected return estimate FUND. EW represents an equally weighted portfolio of the stocks in the top decile based on expected return estimates from the fundamentals model. MVT represents the minimum variance portfolio subject to the expected returns of the portfolio being greater than or equal to the respective top decile expected return proxy portfolio using mean-variance optimization. MS represents the maximum Sharpe Ratio portfolio using mean-variance optimization. BSV represents a portfolio optimized following the Brandt et al. (2009) Table 6 presents portfolio metrics for portfolios based on the expected return estimates calculated using the fundamentals model, FUND when the investable universe of stocks is restricted to top 80% stocks based on market capitalization at time t. The holding period is three months (one quarter). All Stocks represents the portfolios that includes the entire sample of stocks and Top Decile represents the portfolios that includes the stocks in the top decile based on the expected return estimate FUND. EW represents an equally weighted portfolio of the stocks in the top decile based on expected return estimates from the fundamentals model. MVT represents the minimum variance portfolio subject to the expected returns of the portfolio being greater than or equal to the respective top decile expected return proxy portfolio using mean-variance optimization. MS represents the maximum Sharpe Ratio portfolio using mean-variance optimization. BSV represents a portfolio optimized following the Brandt et al. (2009) Table 7 : Portfolio Performance Over Time Table 7 presents portfolio metrics over time for the maximum Sharpe Ratio (MS) portfolios using mean-variance optimization for the stocks in the top decile based on the expected return estimates calculated using the fundamentals model. The holding period is three months (one quarter). Panel A reports portfolio metrics over rolling ten year periods and Panel B reports portfolio metrics using non overlapping five year periods. The Sharpe Ratio is the sample mean portfolio return less the risk free rate divided by the sample standard deviation of the portfolio. The Information Ratio is the intercept of the market model divided by the of the residual from the market model. λ * represents the level of risk aversion required for a mean-variance investor to be indifferent to an equally weighted (EW) portfolio of the stocks in the top decile based on expected return estimates from the fundamentals model. An investor with risk-aversion parameter λ > λ * indicates that investor would be worse off by investing in the EW portfolio. CAPM represents the CAPM alpha, FF3, FF4, and FF5, respectively represent the Fama and French three, four, and five factor alpha's. Raw is the average realized return of the portfolio and Excess is average realized return of the portfolio less the risk free rate. Significance levels of 1%, 5%, and 10% are denoted by, ***, **, and *, respectively. Significance levels of the Sharpe and Information Ratios are based on testing if the ratio of the optimized portfolio is larger than the EW portfolio. Significance levels for Alpha's and Returns are based on two-tailed standard errors with a Hodrick (1992) correction to account for overlap.
(a) Portfolio Metrics: MS Optimized Fundamentals Over 10-year Rolling Windows
(1)
(8) Alpha's CAPM 4.833*** 4.724*** 4.375*** 4.796*** 5.230*** 4.596*** 3.838*** 2.958*** 2.784*** 1.784*** 1.599*** FF3 2.956*** 2.799*** 2.966*** 3.158*** 3.492*** 3.225*** 3.150*** 2.564*** 2.540*** 1.676*** 1.801*** FF4 3.017*** 2.765*** 2.904*** 3.143*** 3.492*** 3.194*** 3.152*** 2.596*** 2.632*** 1.777*** 1.892*** FF5 2.901*** 2.842*** 2.905*** 2.674*** 2.733*** 2.462*** 2.676*** 2.667*** 2.599*** 1.947*** 2.000*** Returns Raw 6.988*** 6.742*** 5.724*** 4.585*** 5.545*** 6.016*** 5.685*** 6.110*** 5.549*** 4.670*** 3.970*** Excess 6.093*** 5.853*** 4.861*** 3.808*** 4.884*** 5.498*** 5.244*** 5.706*** 5.170*** 4.325*** 3.707** Table 8 presents portfolio metrics for portfolios based on the expected return estimates calculated using the fundamentals model over different deciles. The holding period is three months (one quarter). EW represents an equally weighted portfolios. MS represents the maximum Sharpe Ratio portfolio using mean-variance Optimization. The Sharpe Ratio is the sample mean portfolio return less the risk free rate divided by the sample standard deviation of the portfolio. The Information Ratio is the intercept of the market model divided by the of the residual from the market model. Significance levels of 1%, 5%, and 10% are denoted by, ***, **, and *, respectively. Significance levels of the Sharpe and Information Ratios are based on testing if the ratio of the MS portfolio is larger than the EW portfolio.
(8) 
